We present conjectured exact expressions for two types of correlations in the dense O(n = 1) loop model on L × ∞ square lattices with periodic boundary conditions. These are the probability that a point is surrounded by m loops and the probability that k consecutive points on a row are on the same or on different loops. The dense O(n = 1) loop model is equivalent to the bond percolation model at the critical point. The former probability can be interpreted in terms of the bond percolation problem as giving the probability that a vertex is on a cluster that is surrounded by ⌊m/2⌋ clusters and ⌊(m + 1)/2⌋ dual clusters. The conjectured expression for this probability involves a binomial determinant that is known to give weighted enumerations of cyclically symmetric plane partitions and also of certain types of families of nonintersecting lattice paths. By applying Coulomb gas methods to the dense O(n = 1) loop model, we obtain new conjectures for the asymptotics of this binomial determinant.
Introduction
In this article we consider the dense O(1) loop model [9] defined on an L × ∞ square lattice with periodic boundary conditions. The geometry of the lattice is thus a cylinder with circumference L. The dense O(n) loop model can be defined as follows. At each vertex the four edges meeting there are connected with equal probability in either of the two ways shown in Fig. 1 .
If L is even, the set of edges connected to each other form closed loops with probability 1. If L is odd there is a loop spanning the entire length of the cylinder. To a state consisting of l closed paths (loops) a weight of n l is assigned. In this article we consider exclusively the case n = 1, in which all configurations have equal weight. At this point the model can be mapped to the bond percolation problem at criticality, the six vertex model and the XXZspin chain at ∆ = − 1 2 (see [8] ). The corresponding bond percolation problem is defined on one of the sublattices of the dual lattice. The states of the dense O(1) loop model are in direct bijection with bond configurations of the bond percolation problem, see Recently, a number of conjectures have been obtained about correlations in this model. These involve probabilities that loops intersect a horizontal cut between vertices (henceforth referred to as a row) in certain prescribed ways. A row intersects loops at a total of L points. We define the connectivity state of the row as the way these L points are connected to each other by the loops via the half cylinder below the row. See Fig. 3 for an example. Connectivity states can be denoted by strings of parentheses [18] . If a point at position i is connected to a point at position j, then this is represented by a parenthesis at position i matching with a parenthesis at position j. Because of periodic boundary conditions, a right parenthesis at position i can match with a left parenthesis at position j also if i < j. For odd L, one point will not be connected to any other points on the row. That point is on an unpaired line. This can be denoted by a line | . For example, the connectivity state ) | ( (), denotes the state in which the first point is connected to third point over the boundary, the second point is not connected to any other point, and the fourth point is connected to the fifth point.
Several conjectures about the properties of this probability distribution have been obtained, see [7, 22, 23, 12, 18] . These results can be interpreted as conjectures for probabilities of certain events on the top row of a half infinite cylinder. A recent summary of these results is given in [12] . Surprising connections with the enumeration of certain symmetry classes of alternating sign matrices [24] have been discovered. In this article we will make use of the following observations: If the sum of all probabilities is normalized to the number of L × L half turn symmetric alternating sign matrices, denoted as A HT (L), then all probabilities are conjectured to be integers. It is conjectured that the probability of the connectivity state (((. . .))) for even L and | (((. . .))) for odd L with all the parenthesis nested inside each other is 1 in this normalization. For even L, it Figure 3 : Part of a typical configuration of the O(1) loop model on a 6 × ∞ cylinder, periodic in the horizontal direction and extending to infinity in both vertical directions. The connectivity state of the half cylinder below the row indicated by the dashed line is () () (), above the row it is ) () ( (). has been proven [16] that:
For odd L the number of L × L half turn symmetric alternating sign matrices is conjectured to be [24] :
In some expressions for correlations in this article the number of all n × n alternating sign matrices, A (n), appear. These are given by [27, 15] :
A convenient way to compute probabilities of events at a row on the complete cylinder is to consider separately the connectivity states on both half spaces below and above the row. Since events above and below the row are independent, the probability distribution over the connectivity states contains all the information needed. In [19] we have presented a conjectured exact formula for the probability P (L, m) that a face of the lattice on a cylinder of circumference L is surrounded by m loops. This conjecture is only valid for even L. Here we will explain how we obtained this conjecture and also generalize this conjecture to odd L.
Since it is conjectured that all probabilities of connectivity states are integers when the sum of all probabilities is normalized to be
The values for Q (L, m) that we used to guess this function are given in table 1.
Guessing integer sequences is not difficult when the integers factorize into small primes, see e.g. [14, 12, 18] . In such cases simple product formulae can often be found by inspecting the prime factorizations of the integers. In this case, however, some integers have large prime factors. By inspecting the numbers Q (L, m), we noted that they are close to certain coefficients of the characteristic polynomial of the Pascal matrix. We denote by C p (L) the absolute values of the coefficients of the characteristic polynomial of the L × L Pascal matrix:
If m ≥ L/2 − 1 then the two quantities are exactly the same:
In table 2 we have listed the values of C L/2−m (L). By comparing the entries of tables 1 and 2 we see that
It was a little more difficult to obtain this guess for
The results obtained so far led us to the idea that Q (L/2 − k) might be a linear combination of C k−2r (L) for r = 0 . . . ⌊k/2⌋, where the coefficents are polynomials in L. Using this idea we obtained:
At this point we were starting to run out of data. The expression for Q (L, L/2 − 5) had been guessed using only Q (10, 0) and
, we see that the polynomials depend only on m. The results obtained so far led us to the conjecture:
where
Using the value for Q (12, 0), we can see that K 3 (0) should be −2. Since K 1 (0) = −2 and K 2 (0) = 2, we guessed that K r (0) = 2 (−1) r for r > 0. Assuming that this pattern holds and that K r (m) factors into linear terms, we guessed that the sequence of polynomials could be − (m + 2), 1/2! (m + 1) (m + 4), −1/3! (m + 1) (m + 2) (m + 6), 1/4! (m + 1) (m + 2) (m + 3) (m + 8), etc. We thus put our faith in the formula:
Besides fitting the data, any guess for Q (L, m) has to be consistent with the normalization:
Also, we had noted that putting a factor (−1) m in this summation yields the number of alternating sign matrices:
We have proved that these two relations follow from (11) . See the next section for more examples of such identities. Also we have generated data for L = 14 for Q (L, m) and verified that the formula predicts the correct values.
. In this case we were led to this conjecture:
The probabilities P (L, m) can be interpreted in terms of the related bond percolation problem, see Fig. 2 . Loops are boundaries of percolation clusters, separating clusters from dual clusters. If a point is surrounded by no loops then that point is on a cluster that wraps round the cylinder. A point surrounded by k loops is on a cluster that is surrounded by ⌊(k + 1) /2⌋ dual clusters and ⌊k/2⌋ clusters.
Giving loops winding round a point an arbitrary weight
Using the conjectured expression for P (L, m), we can give arbitrary weights to loops winding round a point. By φ (L, z, x) we denote the operator that gives loops that wind round the point x a weight of z. By translational invariance its expectation value is independent of x, and in the following we will suppress the argument x. We can write:
Conjecture (11) and (14) imply that: 
The proofs of these relations can be obtained by substituting the conjectures for P (L, m) in (15) 
The summand in this equation, which we name f (k, r, z), satisfies the recurrence:
Summing this recurrence over r from 0 to k/2 yields:
From (19) we see that B 1 (z) = z and B 2 (z) = z 2 − 2. The solution of (21) satisfying these two initial conditions is
where 2 cos (θ) = z. Inserting this in (18) and using the relation
Only for θ a multiple of π/3 are exact evaluations of D (L, θ) known [10, 3, 14] . For θ = 0 it is known that the determinant is given as A HT (2L) /A (L). We have found that for θ any multiple of π/3, D (L, θ) can be expressed in terms of A (L) and A HT (L). These expressions are given in Table 3 . To prove these formulas, one can divide the product expressions for these determinants given in [10, 14] by the expressions given in Table 3 , substituting the formulas for A (L) and A HT (L) given by (1), (2) and (3). The resulting expressions then become rational functions which are easily proven to be identically 1.
Asymptotic behavior of φ (L, z)
In this section we will obtain the asymptotic behavior of φ (L, z) by applying Coulomb gas techniques [20, 21] to the dense O(1) loop model. First one randomly assigns an orientation to the loops of a state. One then assigns a Boltzmann weight to the oriented loops so that the sum of the Boltzmann weights of the two orientations for each loop is unity. This is achieved by assigning a weight of exp (iπ/12) each time a loop takes a right turn and exp (−iπ/12) each time a left turn is taken. To a configuration of oriented loops a height function h (r) can be defined on the faces of the lattice as follows. Rotate all the arrows at the boundaries between the faces 90 degrees anti-clockwise. The rotated arrows define the (discrete) gradient of the height function. The difference between two neighboring faces is ±1. It is assumed that in the scaling limit the discrete height function may be replaced by a real valued function with a Gaussian measure M [{h (r)}] ∼ exp (−H g (h)), where
is the Hamiltonian of the Gaussian model. By identifying operators in the loop model with operators in the Gaussian model, the asymptotic behavior of correlations can be inferred by computing appropriate Gaussian averages. Unfortunately, there is no simple representation of φ (L, z) in terms of the field h (r). However, there exists a related operator, defined on the infinite plane, that can be represented as a two point function. For two points x 1 and x 2 in the plane, consider the operator φ (z, x 1 , x 2 ) that gives loops winding round x 1 or x 2 , but not both, a weight of z. All other loops have a weight of 1. Interpreting φ (L, z) as a one point function, the exponents associated with the large L behavior of φ (L, z) should be half those of φ (z, x 1 , x 2 ) describing the large |x 1 − x 2 | behavior. The operator φ (z, x 1 , x 2 ) can be expressed as:
Here θ = arccos (z/2). An oriented loop winding round x 1 or x 2 , but not both points, is given a phase factor of exp (±iθ) by including this phase factor and by dividing by exp (±iπ/3), which is the phase factor for any loop in the loop model. Loops winding round both x 1 and x 2 pick up a phase factor of exp (±2iπ/3). This has the effect of changing the sign of the phase of such loops and thus leaves the weight unchanged. It follows from [13] that the exponents r n associated with φ (z, x 1 , x 2 ) are given by:
We thus expect that:
Where the coefficients A n (L, θ) are analytical corrections and have the expansion: The leading asymptotic behavior is thus:
Assuming that the a n,k (θ) are analytical functions, it follows from (26) that these functions for fixed k are analytical continuations of each other:
It also follows from (26) that:
By calculating the asymptotic expansions of the exact evaluations of D (L, θ) for θ a multiple of π/3 given in Table 3 , it is possible to obtain exact values for function a 0,0 (θ) at those values of θ for both even and odd L. In appendix A we present a simple method to obtain the expansions. In Table 4 we have listed the exact values for function a 0,0 (θ). We have also numerically computed this function for many values in the interval 0 ≤ θ ≤ 2π. A graph of a 0,0 (θ) is shown in figure 4 . We can see from Table 4 that for odd L the amplitude for θ a multiple of π/3 except π is √ 3 2 cos(θ/2) times the amplitude for even L. Numerical computations appear to indicate that this relation holds for all θ. If this is indeed the case then it follows from (16) and (54) that the determinant D (L, θ) has the same asymptotic behavior for even and odd L.
is, however, nonzero and finite. The divergence of the amplitude function at θ = π suggests the presence of the logarithmic term log (L) in the large L behavior ofφ (L). According to (26) all exponents should be 2/3 plus an integer. We thus expect that the large L behavior is given by an expansion of the form:
where a 1 = b 1 = 0. We have numerically verified this expansion.
Enumerations of families of nonintersecting lattice paths and cyclically symmetric plane partitions
In [10] it is shown that the determinant det 1≤r,s≤L
in (17) gives a weighted enumeration of certain types of nonintersecting lattice paths and cyclically symmetrical plane partitions. Consider a family of nonintersecting lattice paths on an L × L square lattice subjected to the constraints:
1. A path is allowed to move one step to the right or downward.
2. A path is required to start from a point (0, k) with 0 ≤ k ≤ L − 1 3. A path starting from (0, k) is required to end at the point (k, 0) See Fig. 5 for an example. The determinant (32) gives a weighted enumeration of all possible lattice paths satisfying the above constraints, where a configuration with s paths is given a weight of exp (iθs). Families of lattice paths of this type are in bijection with cyclically symmetrical plane partitions [11, 10] . A plane partition of an integer N is an array of integers n j,k , such that n j+1,k ≥ n j,k , n j,k+1 ≥ n j,k and N = ∞ j=1 ∞ k=1 n j,k . Plane partititions can be represented by a pile of unit cubes by introducing x,y,z coordinates in Z 3 and placing at position (j, k, 0) a stack of n j,k unit cubes. A cyclically symmetric plane partition is a plane partition whose representation as a pile of cubes is symmetric under a cyclic permutation of the x,y,z coordinates. The bijection maps lattice paths of the above type to cyclically symmetric plane partitions that fit in an L × L × L box . Families of lattice paths containing n paths are mapped to cyclically symmetric plane partitions with n cubes on the main diagonal.
Numerical calculations indicate that the expansion (26) is also valid for complex θ. It is thus possible to obtain the asymptotics for real values for the weight of a lattice path from this expansion. Assigning a weight of w to a path yields for the asymptotics of the weighted enumeration N (w):
Another interesting problem is the enumeration of nonintersecting lattice paths with fixed numbers of paths. The number of families with n paths is the coefficient of exp (inθ) of the determinant (32), which is the coefficient C n (L) of the characteristic polynomial of the L×L Pascal matrix, see (4) . It is possible to derive an asymptotic formula for this number if n = L/2. Fourier transforming the asymptotic formula for D (L, θ) w.r.t. θ by expanding a 0,0 (θ) about θ = 0 yields:
Here we have used the exact value for a 0,0 (0), given in Table 4 .
Probability that a point is on a non-contractible loop
For even L loops can wind round the cylinder, while for odd L there is a path spanning the length of the cylinder. In [19] we have conjectured that the prob-ability, W (L), that a point is on such a non-contractible loop is given as:
In this section we will show that this follows from the conjectures (11) and (14) . Consider the two faces of the lattice next to some point on a loop. The loop can surround either one of the faces or for even L wind round the cylinder, or for odd L, it can span the entire cylinder. The probability W (L) is thus the probability that the loop does not surround either one of the two faces. Denote the probability that the face to the left is surrounded by n loops and the face to the right by m loops as P (L, n, m). Since both faces are surrounded by zero loops if and only if the loop does not surround any of the faces we have:
Either the number of loops surrounding the left face differs by 1 from the number of loops surrounding the right face, or both faces are surrounded by zero loops. It thus follows that the probability that a single face is surrounded by m loops, P (L, m), can be expressed in terms of the P (L, a, b) as
and
These equations, together with P (L, n, m) = P (L, m, n), which follows from the fact that the loop model is symmetric under half turn rotations, imply:
According to (15) this is φ (L, −1) and according to conjectures (11) and (14) this is given by
2 (see Table 3 ).
7 Some conjectures about probabilities involving connectivities of points on a row
In this section we give a conjecture for the probability that n consecutive points on a row are on different loops and, for n ≤ 4, conjectures for the probability that they are on the same loop. These conjectures are valid for even L. Let S (L, n) be the probability that n consecutive points are on different loops. We conjecture that:
The limit L → ∞ yields for large n:
S (∞, n) ∝ 64 27
Let R (L, n) be the probability that n consecutive points on a row are on the same loop. We conjecture that:
Conclusion
We have presented new conjectures on exact expressions for correlations in the dense O(1) loop model on L × ∞ square lattices with periodic boundary conditions. We have generalized an earlier obtained result for the probability that a point is surrounded by m loops to odd L. Using this conjecture we have calculated the expectation value of the operator that changes the weight of loops winding round a given point. It turns out that the expectation value is given by a binomial determinant that is known to give a weighted counting of cyclically symmetric plane partitions and also of certain types of families of nonintersecting lattice paths. By calculating the asymptotics of the expectation value of this operator, we have obtained the asymptotics of this binomial determinant. For special values of the loop-weights the determinant can be calculated in closed form. For those values we have exactly evaluated the amplitude function of the leading asymptotic behavior of the expectation value of the operator. Finally we have given conjectures on the probability that n consecutive points are all on different loops and, for n ≤ 4, that they are on the same loop.
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Here the B k are the Bernoulli numbers, and ζ ′ (z) is the derivative of the zeta function.
The denominator of (50) contains the term G (4/3) G (2/3). Such products can be simplified using the multiplication formula for the G-function [25] :
